Introduction
Throughout this article A will denote a commutative noetherian ring, with dim A = d ≥ 2, and A[T ] will denote the polynomial ring in one varaible T . Also, P will denote a projective A-module with rank(P ) = n. In [MM1] we considered the Homotopy obstruction sets π 0 (LO(P )). In this article, we provide some perspective on these sets π 0 (LO(P )), by proving that some of them are isomorphic and by defining natural set theoretic maps to Chow groups.
Assume A is a regular ring containing a field k, with 1/2 ∈ k. In [MM1] , it was established that, if 2n ≥ d+2, then π 0 (LO(P )) has a natural structure of a abelian monoid. Further, if P ∼ = P 0 ⊕ A, then π 0 (LO(P )) is an abelian group. Let P , Q be two projective A-module with rank(P ) = rank(Q) = d and let ι : Λ d Q ∼ −→ Λ d P be an isomorphism of the determinants. Under the same regularity hypotheses, in this article, we prove that there is a natural monoid isomorphism χ(ι) : π 0 (LO(P )) ∼ −→ π 0 (LO(Q)). Therefore, when rank(P ) = d, we have the following:
1. There is a natural monoid isomorphism π 0 (LO(P )) ∼ = π 0 LO(
is an abelian group, so is π 0 (LO(P )), for all such P .
3. We conclude that, for π 0 (LO(P )) to have a group structure, it is not necessary that P ∼ = P 0 ⊕ A.
4. If A is essentially smooth over an infinite perfect field k,
The above were discussed in Section 3. In Section 4, we compare π 0 (LO(P )) with the Chow groups, as follows. Let A be a regular ring, over an infinite field k, with 1/2 ∈ k and dim A = d. Let P be any projective A-module, with rank(P ) = n. In Section §4, we establish a natural set theoretic map π 0 (LO(P )) −→ CH n (A), where CH n (A) denotes the Chow group of codimension n cycles [F] . In section 2, we record and formalize an expected alternate description of π 0 (LO(P )), which was instrumental in establishing the results in other sections.
For all unexplained notations and definitions, the readers are referred [MM1] . In particular, for an
2 Alternate Description of Obstructions π 0 (LO(P )) Let A be a noetherian commutative ring, with dim A = d and P be a projective A-module with rank(P ) = n. In [MM1] , we defined Nori Homotopy Obstruction sets π 0 (LO(P )), and gave several other description of the same. In this section, we recall the essential part of the definition of π 0 (LO(P )), and give one more description of the same, as follows.
Definition 2.1. Let A be a noetherian commutative ring, with dim A = d and P be a projective A-module with rank(P ) = n. By a local Porientation, we mean a pair (I, ω) where I is an ideal of A and ω : P ։ I I 2 is a surjective homomorphism. We will use the same notation ω for the map P IP ։ I I 2 , induced by ω. A local local P -orientation will simply be referred to as a local orientation, when P is understood. Denote
In [MM1] , the obstruction set π 0 (LO(P )) was defined, by the push forward diagram:
, in Sets.
While one would like to define π 0 LO ≥n (P ) similarly, note that substitution
note that the definition of π 0 (LO(P )) by push forward diagram (2), is only an alternate way of saying the following:
Now ∼ generates a chain equivalence relation on LO(P ), which we call the chain homotopy relation.
2. The above definition (2) means, π 0 (LO(P )) is the set of all equivalence classes in LO(P ).
The restriction of the relation ∼ on LO ≥n (P ) ⊆ LO(P ), generates a chain homotopy relation on LO ≥n (P ). Define π 0 LO ≥n (P ) to be the set of all equivalence classes in LO ≥n (P ). It follows, that there is natural map
Proposition 2.2. Let A and P be as in (2.1). Then, 1. The map ϕ is surjective.
2. If A is a regular ring containing is field k, with 1/2 ∈ k, then ϕ a bijection.
3. Let A be as in (2). Then ∼ is an equivalence relation on π 0 LO ≥n (P ) .
. By application of the Involution operation [MM1, Section 5] twice, we can assume height(I) ≥ n. So, (I, ω) ∈ LO ≥n (P ). This establishes that ϕ is surjective.
Now, assume A is as in (2). Suppose x 0 , x 1 ∈ π 0 LO ≥n (P ) , and ϕ(x 0 ) = ϕ(x 1 ). Then, form i = 0, 1, we have
This establishes (2) and (3) follows by the same argument. The proof is complete. 2. Assume A is a Cohen Macaulay ring. Then, LO ≥n (P ) is in bijection with the set
Comparison of π 0 (LO(P )): top rank case
In this section, under usual regularity hypotheses, we prove that, the Homotopy obstruction sets π 0 (LO(P )) are isomorphic, when rank(P ) = d Definition 3.1. Suppose A is a regular ring, containing field k, with 1/2 ∈ k.
Let P, Q be two projective A-modules with rank(P ) = rank(Q) = dim A = d ≥ 2. Assume they have isomorphic determinant and ι :
an isomorphism. Then, we define a natural map
By Proposition 2.2, there is a bijection π 0 LO ≥n (P )
we would define a
as follows :
1. Let (I, ω) ∈ LO ≥n (P ), with height(I) = d. Use the same notation ω :
Letω(α) be defined by the commutative diagram
and define χ 0 (ι)(I, ω) = (I,ω(α)) ∈ LO(Q)
2. For x ∈ π 0 (LO(P )), we can write x = [(I, ω)], for some (I, ω) ∈ LO(P ), with height(I) ≥ d. We define,
Subsequently, we prove that χ 0 (ι)(I, ω) is independent of the choice of α, and also χ(ι) : π 0 (LO(P )) −→ π 0 (LO(Q)) is well defined.
Lemma 3.2. With notations as in (3.1), let (I, ω) ∈ LO(P ), with height(I) = d. Then, χ 0 (ι)(I, ω) is independent of the choice of α.
Proof. Let α be as in (3.1), and
Then, det(α −1 β) = 1. Since dim A I = 0, the map α −1 β is an elementary matrix, with respect to any choice of basis of Q IQ . Therefore, there is an
, such that γ(0) = Id and
, where H(T ) is defined by the commutative diagram:
Then with T = 0, 1, we have
This completes the proof. It follows
The proof is complete.
Proposition 3.4. Use the notations as in Definition 3.1. Then, the map χ(ι) is a monoid homomorphism.
. We can assume I 1 + I 2 = A and height(I i ) ≥ d for i = 1, 2.
If I 1 = A or I 2 = A, then by definition (3), we have χ(ι)(x + y) = χ(ι)(x) + χ(ι)(y). So, assume height(I 1 ) = height(I 2 ) = d. For i = 1, 2 let
Let α :
be the isomorphism obtained by combining α 1 and α 2 . Now, it follows that χ(ι)(x) + χ(ι)(y) is obtained by combining (I 1 , α 1 ω 1 )) and (I 2 , α 2 ω 2 )), which is same as χ(ι)(x + y).
Proposition 3.5. Use the notations as in Definition 3.1. Then, Let Q ′ be another another projective A module with rank(Q) = d and let ζ :
Proof. Obvious! Theorem 3.6. Use the notations as in Definition 3.1. Then, the map χ(ι) : π 0 (LO(P )) −→ π 0 (LO(Q)) is a monoid isomorphism. In particular, taking
Proof. It follows from Proposition 3.5, that χ(ι)χ(ι −1 ) = Id and χ(ι
) is a group [MM1, Theorem 6.11], which settles the latter part.
Remark 3.7. Use the notations as in Definition 3.1. Theorem 3.6 asserts, π 0 (LO(P )) is a group, even when P does not have a free direct summand.
However, it remains open, whether π 0 (LO(P )) would fail to be a group, for some projective A-module P , with 2rank(P ) ≥ d + 2.
Corollary 3.8. Let A be an essentially smooth ring over an infinite perfect field k, with 1/2 ∈ k, and dim A = d ≥ 3. Let Q be a projective A-module,
, as defined in [MM1] and [BS1] , respectively.
The Euler class e(Q) ∈
, was also defined in [BS1] . We we have a commutative diagram of isomorphisms
where the horizontal map χ is as in (3.1), and the vertical isomorphism was defined in [MM1, §7] is induced by the the vertical isomorphism. We also 
Natural maps to Chow groups
The Chow groups of codimension n cycles will be denoted by CH n (A) (see [F, §1.3] ). For an ideal J ⊆ A, cycle (J) would denote the cycle of the closed set V (J) (see [F, §1.5 
]).
Definition 4.1. Assume A is a Cohen Macaulay ring, with dim A = d.
Also assume dim A m = d for all m ∈ max(A). As before, P is a projective A-module with rank(P ) = n. Define a map
Now define the map
We prove next that ℓ P is a well defined set theoretic map.
Proposition 4.2. Use the notations, as in (4.1). Then,
is a well defined set theoretic map. Let (I 0 , ω 0 ), (I 1 , ω 1 )LO ≥n (P ) and assume (I 0 , ω 0 ) ∼ (I 1 , ω 1 ). We prove cycle(I 0 ) = cycle(I 1 ) ∈ CH n (A). There is a homotopy H(T ) = (J, ω) ∈ LO(P [T ]) such that H(0) = (I 0 , ω 0 ) and H(1) = (I 1 , ω 1 ). By Moving Lemma Argument (see Remark 2.3), we can assume height(J) ≥ n. Now, we have 
The proof is complete. . Theorem 4.3. Suppose A is a regular ring, containing a filed k, with 1/2 ∈ k, and dim A = d. Let P be a projective A-module with rank(P ) = n. Then, 1. By Proposition 2.2, π 0 LO ≥n (P ) ∼ −→ π 0 (LO(P )) is a bijection. Therefore, ℓ P defined in (4.1), defines a set theoretic map ℓ P : π 0 (LO(P )) −→ CH n (A)
2. Further, ℓ P (ε(P )) = C n (P * ) ∈ CH n (A)
where ε(P ) = [(0, 0)] ∈ π 0 (LO(P )) denotes the Nori homotopy class of P , and C n (P * ) denotes the top Chern class of the dual P * .
3. Assume 2n ≥ d + 2. Then, ℓ P is an additive map.
Proof. For the last statement, recall under the hypotheses π 0 (LO(P )), has structure of an abelian monoid. Rest of the proofs are obvious.
